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Represent f:{—1,1}"* — R in the basis of parity functions

/

A S(X) = X =:x°
f= fOus g
Sc[n]

| 1 1 1 1
Majz (xq, X2, X3) = 5 X1 + X2 + 5 X3 T 5 X1X2X3

n D(f) = deg(f)
Degree: deg(f) = max {ISI:f(S) + O} Qo(f) = degg(f)/z
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Inner product: for f, g: {—1, 1}"* - R, define

frgr=__E f@g@@]=2" z fx)g(x)
xe{—1,1}"
e Parity functions are orthonormal

p-norm: for f:{—1,1}" — IR p € [1, 0], define
£l = [1f () [P1H/?
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Let f, g:{—1,1}" - R, define their convolution:

(f*g)(x) = Ey —11)m lf () g(xy)l.

f*g(S) = [(f * 9) () xs(x)]

x~{— 1 1}"

= f ) g(xy)xs(x)]

~{ 1,1}"

= f )g(2)xs(yz)]

~{ 1,1}

= f s g(2)xs(2)]

~{ 11"

= f(S)g(S)
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Given h:{—1,1}" - Randc = c(d), for1/p; +1/q; = 1,

Pl:Forall f:{—1,1}" - R, deg(f) < d, ||h = fll,, < cllfll,,.

P2: Forall Z:{—1, 1} - R with [[Z]|,, < 1, there exists
gz:{—1,1}" > R such that

1. llgzllg, < ¢, and

2. 3,(8) =27(S)-h(S),forallS c[n],|S] <d.
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Theorem (Nisan-Szegedy, 1994): For all f:{—1,1}" - {—1, 1},

An equivalent form: For all f: {—1,1}" - R, deg(f) < d,
1A * flleo < O0@H)IIf oo

he ) ISIs
Scn]

< 0(dH)IIf lle

D ISIF )
Scn]
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Dual: Forall Z: {—1,1}" - R with ||Z]|;{ < 1, there exists
gz:{—1,1}"* - R such that

1. llgzll; < d?, and

2. G,(S) =1S|Z(S), forall S € [n],|S| < d.

We only need: There exists p: {—1, 1}"* - R such that
1. |lpll; < d?, and
2. p(S) =S|, forallS € [n],|S| <d.

gz < Z*p
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Construct p
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Construct p

p(x) = z Wiﬁ(l +a;x;) = 2 (2 wia |5|>

2d2+1 TT l iT[ » , (d—l)T[ (_1)d T
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We only need: -
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Find p

We need to find {(w;, a;) };er, ;] < 1 such that
1. Yierlw;| = 0(logd), and
2. Y.rwiar =1/kk=1,..,d.

Fix {a;}iers .
min  [[w]l,

st. Aw = b,

whereA=(a?) o
J 1<i<d,jer

b=(1,1/2,..,1/DT.
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