
Applications of Lagrangian duality in 
Boolean function analysis 

Shuchen Li (Peking University)

Advisor: Qian Li (Institute of Computing Technology)



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1 0

1 1

0

0 0

11

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

0

1 1

0

0 0

11

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

Why Boolean functions?

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

Why Boolean functions?

• Computation models: circuits, decision trees, communication protocols

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

Why Boolean functions?

• Computation models: circuits, decision trees, communication protocols

• Voting rules

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

Why Boolean functions?

• Computation models: circuits, decision trees, communication protocols

• Voting rules

• Graph properties

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Boolean functions

𝑓: 0, 1 𝑛 → 0, 1

𝑓: −1, 1 𝑛 → −1, 1 , −1, 1 , ℝ 
𝑥 ↦ −1 𝑥

Why Boolean functions?

• Computation models: circuits, decision trees, communication protocols

• Voting rules

• Graph properties

• ....

0

1 1

0

0 0

11

+

- -

+

+ +

--

2



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

3



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

𝑓 = 

𝑆⊆ 𝑛

መ𝑓 𝑆 𝜒𝑆

3



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

𝑓 = 

𝑆⊆ 𝑛

መ𝑓 𝑆 𝜒𝑆

3

𝜒𝑆 𝑥 =ෑ

𝑖∈𝑆

𝑥𝑖 =: 𝑥
𝑆



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

𝑓 = 

𝑆⊆ 𝑛

መ𝑓 𝑆 𝜒𝑆

Maj3 𝑥1, 𝑥2, 𝑥3 =
1

2
𝑥1 +

1

2
𝑥2 +

1

2
𝑥3 −

1

2
𝑥1𝑥2𝑥3

3

𝜒𝑆 𝑥 =ෑ

𝑖∈𝑆

𝑥𝑖 =: 𝑥
𝑆



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

𝑓 = 

𝑆⊆ 𝑛

መ𝑓 𝑆 𝜒𝑆

Maj3 𝑥1, 𝑥2, 𝑥3 =
1

2
𝑥1 +

1

2
𝑥2 +

1

2
𝑥3 −

1

2
𝑥1𝑥2𝑥3

3

𝜒𝑆 𝑥 =ෑ

𝑖∈𝑆

𝑥𝑖 =: 𝑥
𝑆

Degree: deg 𝑓 = max 𝑆 : መ𝑓 𝑆 ≠ 0



Fourier expansion

Represent 𝑓: −1, 1 𝑛 → ℝ in the basis of parity functions

𝑓 = 

𝑆⊆ 𝑛

መ𝑓 𝑆 𝜒𝑆

Maj3 𝑥1, 𝑥2, 𝑥3 =
1

2
𝑥1 +

1

2
𝑥2 +

1

2
𝑥3 −

1

2
𝑥1𝑥2𝑥3

3

𝜒𝑆 𝑥 =ෑ

𝑖∈𝑆

𝑥𝑖 =: 𝑥
𝑆
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[𝑓 𝒙 𝑔(𝒙)] = 2−𝑛 

𝑥∈ −1,1 𝑛

𝑓 𝑥 𝑔(𝑥)

• Parity functions are orthonormal

𝒑-norm: for 𝑓: −1, 1 𝑛 → ℝ, 𝑝 ∈ [1,∞], define

𝑓 𝑝 = 𝔼
𝒙∼ −1,1 𝑛

[|𝑓(𝒙)|𝑝]1/𝑝
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(𝑓 ∗ 𝑔)(𝒙)𝜒𝑆(𝒙)

= 𝔼
𝒙,𝒚∼ −1,1 𝑛

𝑓(𝒚)𝑔(𝒙𝒚)𝜒𝑆(𝒙)

= 𝔼
𝒚,𝒛∼ −1,1 𝑛

𝑓(𝒚)𝑔(𝒛)𝜒𝑆(𝒚𝒛)
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𝒚,𝒛∼ −1,1 𝑛

𝑓(𝒚)𝜒𝑆(𝒚)𝑔(𝒛)𝜒𝑆(𝒛)

= መ𝑓(𝑆) ො𝑔(𝑆).
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P2: For all 𝑍: −1, 1 𝑛 → ℝ with 𝑍 𝑞1 ≤ 1, there exists 

𝑔𝑍: −1, 1
𝑛 → ℝ such that 

1. 𝑔𝑍 𝑞2 ≤ 𝑐, and

2.  ෞ𝑔𝑍 𝑆 = መ𝑍 𝑆 ∙ ℎ 𝑆 , for all 𝑆 ⊆ 𝑛 , |𝑆| ≤ 𝑑.
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∞

≤ 𝑂 𝑑2 𝑓 ∞

Theorem (Nisan-Szegedy, 1994): For all 𝑓: −1, 1 𝑛 → −1, 1 ,
𝑠 𝑓 = 𝑂 deg 𝑓 2 .

An equivalent form: For all 𝑓: −1, 1 𝑛 → ℝ, deg 𝑓 ≤ 𝑑,
ℎ ∗ 𝑓 ∞ ≤ 𝑂 𝑑2 𝑓 ∞

ℎ ← 

𝑆⊆[𝑛]

|𝑆|𝜒𝑆
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𝑔𝑍: −1, 1

𝑛 → ℝ such that 
1. 𝑔𝑍 1 ≤ 𝑑2, and
2.  ෞ𝑔𝑍 𝑆 = 𝑆 መ𝑍 𝑆 , for all 𝑆 ⊆ 𝑛 , |𝑆| ≤ 𝑑.

We only need: There exists 𝑝: −1, 1 𝑛 → ℝ such that 
1. 𝑝 1 ≤ 𝑑2, and
2.  Ƹ𝑝 𝑆 = 𝑆 , for all 𝑆 ⊆ 𝑛 , |𝑆| ≤ 𝑑.

𝑔𝑍 ← 𝑍 ∗ 𝑝
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We need to find 𝑤𝑖 , 𝛼𝑖 𝑖∈Γ, 𝛼𝑖 ≤ 1 such that 

1.  σ𝑖∈Γ |𝑤𝑖| = 𝑂(log 𝑑), and 

2.  σ𝑖∈Γ𝑤𝑖𝛼𝑖
𝑘 = 1/𝑘, 𝑘 = 1,… , 𝑑.

Fix 𝛼𝑖 𝑖∈Γ:
min 𝒘 1,
s.t. 𝐴𝒘 = 𝒃,

where 𝐴 = 𝛼𝑗
𝑖

1≤𝑖≤𝑑,𝑗∈Γ
, 𝒃 = 1, Τ1 2 , … , Τ1 𝑑 T. 
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s.t. 𝐴T𝒛
∞
≤ 1

max 
𝑘=1

𝑑 1

𝑘
∙ 𝑐𝑘

s.t. 
𝑘=1

𝑑

𝑐𝑘 ∙ 𝛼𝑖
𝑘 ≤ 1, 𝑖 ∈ Γ



Taking dual again

16

max 𝒃T𝒛

s.t. 𝐴T𝒛
∞
≤ 1

max 
𝑘=1

𝑑 1

𝑘
∙ 𝑐𝑘

s.t. 
𝑘=1

𝑑

𝑐𝑘 ∙ 𝛼𝑖
𝑘 ≤ 1, 𝑖 ∈ Γ

max 
𝑘=1

𝑑 1

𝑘
∙ 𝑐𝑘

s.t. 
𝑘=1

𝑑

𝑐𝑘 ∙ 𝑥
𝑘 ≤ 1, 𝑥 ∈ [−1,1]



Upper bounding the objective function

17



Upper bounding the objective function

17

1

𝑘
= 

𝑚=1

𝐾
(𝑚 − 1)!

(𝑘 + 1)𝑚
+

𝐾!

𝑘𝐾+1



Upper bounding the objective function

17

1

𝑘
= 

𝑚=1

𝐾
(𝑚 − 1)!

(𝑘 + 1)𝑚
+

𝐾!

𝑘𝐾+1



𝑘=1

𝑑
1

𝑘
⋅ 𝑐𝑘 = 

𝑚=1

𝐾

(𝑚 − 1)!

𝑘=1

𝑑
𝑐𝑘

(𝑘 + 1)𝑚
+

𝑘=1

𝑑
𝐾!

𝑘𝐾+1
𝑐𝑘



Upper bounding the objective function

17

1

𝑘
= 

𝑚=1

𝐾
(𝑚 − 1)!

(𝑘 + 1)𝑚
+

𝐾!

𝑘𝐾+1



𝑘=1

𝑑
1

𝑘
⋅ 𝑐𝑘 = 

𝑚=1

𝐾

(𝑚 − 1)!

𝑘=1

𝑑
𝑐𝑘

(𝑘 + 1)𝑚
+

𝑘=1

𝑑
𝐾!

𝑘𝐾+1
𝑐𝑘

≤
1

𝑚!



Upper bounding the objective function

17

1

𝑘
= 

𝑚=1

𝐾
(𝑚 − 1)!

(𝑘 + 1)𝑚
+

𝐾!

𝑘𝐾+1



𝑘=1

𝑑
1

𝑘
⋅ 𝑐𝑘 = 

𝑚=1

𝐾

(𝑚 − 1)!

𝑘=1

𝑑
𝑐𝑘

(𝑘 + 1)𝑚
+

𝑘=1

𝑑
𝐾!

𝑘𝐾+1
𝑐𝑘

≤
1

𝑚!

≤
2𝑑2 𝑘

2𝑘 !



Upper bounding the objective function

17

1

𝑘
= 

𝑚=1

𝐾
(𝑚 − 1)!

(𝑘 + 1)𝑚
+

𝐾!

𝑘𝐾+1



𝑘=1

𝑑
1

𝑘
⋅ 𝑐𝑘 = 

𝑚=1

𝐾

(𝑚 − 1)!

𝑘=1

𝑑
𝑐𝑘

(𝑘 + 1)𝑚
+

𝑘=1

𝑑
𝐾!

𝑘𝐾+1
𝑐𝑘

≤
1

𝑚!

≤
2𝑑2 𝑘

2𝑘 !

≤ 

𝑚=1

𝐾
1

𝑚
+

𝑘=1

𝑑
2𝑑2

𝐾

𝑘

= 𝑂 log𝑑

𝐾 ← 4𝑑2



Thank you!

19


	Default Section
	Slide 1: Applications of Lagrangian duality in Boolean function analysis 

	Fourier analysis of Boolean funcions
	Slide 2: Boolean functions
	Slide 3: Boolean functions
	Slide 4: Boolean functions
	Slide 5: Boolean functions
	Slide 6: Boolean functions
	Slide 7: Boolean functions
	Slide 8: Boolean functions
	Slide 9: Boolean functions
	Slide 10: Boolean functions
	Slide 11: Fourier expansion
	Slide 12: Fourier expansion
	Slide 13: Fourier expansion
	Slide 14: Fourier expansion
	Slide 15: Fourier expansion
	Slide 16: Fourier expansion
	Slide 17: Inner product & norms
	Slide 18: Inner product & norms
	Slide 19: Inner product & norms
	Slide 21: Convolution 
	Slide 22: Convolution 
	Slide 23: Convolution 

	main
	Slide 24: Two equivalent propositions
	Slide 25: Two equivalent propositions
	Slide 26: Two equivalent propositions

	NS
	Slide 28: Sensitivity & degree
	Slide 29: Sensitivity & degree
	Slide 30: Sensitivity & degree
	Slide 31: Sensitivity & degree
	Slide 32: Sensitivity & degree
	Slide 33: Taking dual ...
	Slide 34: Taking dual ...
	Slide 35: Taking dual ...
	Slide 36: Construct p
	Slide 37: Construct p
	Slide 38: Construct p
	Slide 39: Construct p
	Slide 40: Construct p
	Slide 41: Construct p
	Slide 42: Construct p
	Slide 43: Construct p

	inf norm log d
	Slide 46: An upper bound on the inf-norm
	Slide 47: An upper bound on the inf-norm
	Slide 48: An upper bound on the inf-norm
	Slide 49: An upper bound on the inf-norm
	Slide 50: An upper bound on the inf-norm
	Slide 51: Find p
	Slide 52: Find p
	Slide 53: Taking dual again
	Slide 54: Taking dual again
	Slide 55: Taking dual again
	Slide 56: Taking dual again
	Slide 57: Upper bounding the objective function
	Slide 58: Upper bounding the objective function
	Slide 59: Upper bounding the objective function
	Slide 60: Upper bounding the objective function
	Slide 61: Upper bounding the objective function
	Slide 62: Upper bounding the objective function

	end
	Slide 64: Thank you!


